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ound and key issues

Interpretation in the Bayesian framework: Gaussian assumptions of
the EnKF, 4DVar methods...

Limits:1

Figure: Estimation of the
three parameters (r,f,g) of an
1D ecosystem model. Time
evolution of the mean and the
mean plus/minus the standard
deviation of the ensemble for
the three estimated
parameters.

Introduction of kernel methodsData linearisation property

1sB12.
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ETKF formulation and classical resolution |

Assuming the observation operator is linear, the ETKF problem? reads:

ETKF formulation

. N 1. .. 1. _ ..
argminJ (w) = Tjjwjj% 4 §jjy Hxf HXfwjjzR q (1)
w2RN

Observations model: yx = Hxx + x, H2 R"™ ™ and  observations
error, with covariance matrix R

X mean of ensemble states

Xr 2 R™ N anomaly matrix of centred states

ior Rl
—————— A1
2HKS07.
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ETKF formulation and classical resolution Il

For the sake of later clarity, we introduce some additional notations:

1=2
=R Hxf) 2 RP
(y Hx) R

A-R ZHX =§ : L2r0 N
F':>

ETKF solution (First Order Condition)
w =[N 1)I+A~A] 'A~8 (2)
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ETKF reformulation with kernel methods |

The ETKF problem (1) is equivalent to the extented optimisation problem
in the Reproducing Kernel Hilbert Space (RKHS) H of reproducing kernel
k(x;y) =x7y (linear kernel):

Reformulating the ETKF problem

. N 1., 1X )
argmin ¥(f) = ——jifiin +5 (F(&) &) (3)
f2H 2 2.
thf 2H suchas: f: ~ 1 R
wit such as: . X a (X,W)
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ETKF reformulation with kernel methods Il

Here, we apply the representation theorem and obtain the following
formulation of the ETKF:

Reformulating the ETKF

argmin&( ):E K —I—lk@ MuK k3 (4)
2RP+N 2 2
Ny = Onn Onp 2 R(P) ("4P) the projection matrix on the
Opn Ip
observation space
Kx Kxn -
K = 2 R(n+p) (n+p) Wlth
Kxu~ Kn
o Kx=( (aliaf))s ij n2R" "
o Knx=( (al;K))1 i n1j p2R" P
o Kn={( (K;K)) ij p2R° P
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ETKF reformulation with kernel methods Ill

Resolution of (4) (First Order Condition)

0n1
no (N Dl +NpK] '@

Thus, the mean of the ensemble after the analysis will be:

Ensemble mean after analysis

2 =x" + Keu[(N 1)1, +Ky] '8 (6)
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Ensemble’s reconstruction |

Since we work both with observed and unobserved variables, we followed
the strategy implemented in [Eve09] and extended the deterministic
algorithm of the EnKF:

EnKF extented to unobserved variables

E° xf X P ai-
HES = Hf T W+ N 1pat=? (7)

| S . |
with P2 = X XH 2 R(+P) ("+P) the analysis error covariance

a = a
) P PY
matrix.
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Ensemble’s reconstruction II: Determining P§

Perspective of random variables: N( ;P)

Expression of ensemble’s mean: x® = xf + MxK

Expression of P

x = Cov(x{; x') = NxKP KIx (8)

We can besides approximate® P :

Approximation of P

P [r2¥ ! 9)

with N 1 )
¥ H)="—"— ">k + k8 MK K

-2

A

3Aur03.
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Experimental setup

L63 model

experiments performed with the DAPPER package
2 sets of experiments:
Comparison between classical ETKF and linear Kernel ETKF:

8x;y)2RY RN, (xy)= Xy (10)

Comparison between classical ETKF and non linear Kernel ETKF
(hyperbolic tangent kernélwith ¢ =10 4):

8(x;y)2DY DY; (xy)= (X7 (y) (11)

whereDY is the Poincae ball:

DN = fz2 RN : ¢jjzjj < 1g (12)
and P .
8c>0; 822DY; (2= tanh %( Ejjzjj)pm (13)
For all experiments, RMSE averaged over 10 di erent seeds
‘FHP21.
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We observe only the rst two variables
The observations are generated evetp = 0:02

5 10° observations vectors generated for each experiment with a
burn-in period of 5 10® to

We compare di erent in ation factors:in 2 f 1.0; 1.04; 1:1g For each
in ation factor, the evaluated ensemble sizes were
N 2f3;6;9;10; 12, 159.
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Flgure: Average RMSE obtained by ETKF (in green) and linear Kernel ETKF (in blue) assimilation methods when applied
to the Lorenz 63 model and observing only the rst two variables. The average is computed upon 10 di erent seeds generating
observations, initial state... On each sub gure, a di erent in ation factor is applied to each method:

Left: no ination (in = 1.0), Middle: in = 1.04, Right: in = 1.1. In each sub gure,

di erent ensemble sizes N were tested, in each cas&l 2 f 3; 6; 9; 10; 12; 15g.
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E ect of hyperbolic tangent kernel on L63 |

Figure: Hyperbolic tangent fonction
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E ect of hyperbolic tangent kernel on L63 Il

Figure: Phase space evolution of the Lorenz 63 model: (a) classical L63; (b) L63
tranformed by hyperbolic tangent fonction (13) withc = 10 *; (c) L63 tranformed by
hyperbolic tangent fonction (13) withc =3 10 * to accentuate the visual e ect
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