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Linear and Nonlinear Ensemble Filters
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• Represent state and its error by ensemble      of states
(use ensemble perturbation matrix                            ) 

• Forecast:
• Integrate ensemble with numerical model

• Analysis step:
• update ensemble mean

• update ensemble perturbations

(both can be combined in a single step)

• Ensemble Kalman & nonlinear filters: Different definitions of

• weight vector          (dimension     )

• Transform matrix          (dimension                )

Linear and Nonlinear Ensemble Filters

X

w̃

W

xa = xf +X0f w̃

X0a = X0fW

N

N
N ⇥N

<latexit sha1_base64="Na2Wm/2mTzUk6m45QfuJALYxDhI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi6dSwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWeqyTHoqIG1Lvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6mido2fzS+ekjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsfTIQmjOUE0so08LeStiIasrQhlSyIXjLL6+S1kXVs/z+slK7yeMowgmcwjl4cAU1uIMGNIGBgmd4hTfHOC/Ou/OxaC04+cwx/IHz+QOgWZA4</latexit><latexit sha1_base64="Na2Wm/2mTzUk6m45QfuJALYxDhI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi6dSwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWeqyTHoqIG1Lvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6mido2fzS+ekjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsfTIQmjOUE0so08LeStiIasrQhlSyIXjLL6+S1kXVs/z+slK7yeMowgmcwjl4cAU1uIMGNIGBgmd4hTfHOC/Ou/OxaC04+cwx/IHz+QOgWZA4</latexit><latexit sha1_base64="Na2Wm/2mTzUk6m45QfuJALYxDhI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi6dSwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWeqyTHoqIG1Lvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6mido2fzS+ekjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsfTIQmjOUE0so08LeStiIasrQhlSyIXjLL6+S1kXVs/z+slK7yeMowgmcwjl4cAU1uIMGNIGBgmd4hTfHOC/Ou/OxaC04+cwx/IHz+QOgWZA4</latexit><latexit sha1_base64="Na2Wm/2mTzUk6m45QfuJALYxDhI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi6dSwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWeqyTHoqIG1Lvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6mido2fzS+ekjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsfTIQmjOUE0so08LeStiIasrQhlSyIXjLL6+S1kXVs/z+slK7yeMowgmcwjl4cAU1uIMGNIGBgmd4hTfHOC/Ou/OxaC04+cwx/IHz+QOgWZA4</latexit>

X
0
= X� X̄



Lars Nerger – hybrid nonlinear-Kalman filter

 Ensemble Transform Kalman filter 
 Assume Gaussian distributions
 Transform matrix

 Mean update weight vector 

(depends linearly on observation vector y)

ETKF (Bishop et al., 2001)

A
�1 = (m� 1)I+ (HX

0f )TR�1
HX

0f

w̃ = A(HX
0f )TR�1

⇣
y �Hxf

⌘

N

⇤

 Transformation of ensemble perturbations

: mean-preserving random matrix or identity

<latexit sha1_base64="APmw4G+c5BIqeAfmAjmH0OeC7GI="></latexit>

W =
p
N � 1 A1/2⇤

Note: W depends only on R, not observation y
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 Nonlinear Ensemble Transform Filter
 Mean update from Particle Filter weights: 

for Gaussian observation errors for all particles i

NETF (Tödter & Ahrens, 2015)

w̃i ⇠ exp
⇣
�0.5(y �Hx

f
i )

T
R

�1(y �Hx
f
i )
⌘

Tödter, J. and Ahrens, B. (2015) Mon. Wea. Rev. 143,1347–1367

(nonlinear function of observations y)

 Ensemble update 
 Transform ensemble to fulfill analysis covariance

(like ETKF, but not assuming Gaussianity)
 Derivation gives

(    : mean-preserving random matrix; useful for stability)

W =
p
m

⇥
diag(w̃)� w̃w̃T

⇤1/2
⇤

p
N

⇤

NETF is a second-order exact particle filter
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 Analogous update schemes 
 Both filters can be localized (LETKF and LNETF)

 But
 ETKF

 very stable, even in nonlinear cases
 Optimal for Gaussian / sub-optimal for nonlinear cases 

 NETF
 accounts for nonlinearity (non-Gaussianity)
 higher sampling errors than LETKF
 needs very small localization radii

ETKF & NETF
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Test with Lorenz-96 model
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 State dimension 40

 Ensemble size 15

 Forecast: 8 time steps

 20 observations

 Show RMS errors as 
function of inflation 
(forgetting factor or 
inflation theshold 𝛼) and 
localization radius

 LNETF worse than LETKF

RMSE: LETKF RMSE: LNETF

min=1.606 min=1.754
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Hybrid – LETKF-LNETF

Combine the stability of LETKF with nonlinear features of LNETF
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ETKF-NETF – Hybrid Filter Variants

1-step update (HSync)

• : assimilation increment of a filter
• 𝛾: hybrid weight (between 0 and 1; 1 for fully ETKF)

Xa

HSync
= X

f

+ (1� �)�XNETF + ��XETKF

�X

2-step updates
Variant 1 (HNK): NETF followed by ETKF

• Both steps computed with increased R according to 𝛾

Variant 2 (HKN): ETKF followed by NETF

X̃a

HNK
= Xa

NETF
[Xf , (1� �)R�1]

Xa

HNK
= Xa

ETKF
[X̃a

HNK
, �R�1]

Factorize the likelihood:
(‘tempering’) 
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p(y|x) = p(y|x)�p(y|x)(1��)



Lars Nerger – hybrid nonlinear-Kalman filter

Choosing hybrid weight 𝜸

 Hybrid weight shifts filter behavior

Some possibilities:
 Fixed value
 Adaptive - According to which condition?

 Frei & Kuensch (2013) suggested
using effective sample size 

 : Choose 𝛾 so that is as small as possible but 
above minimum limit 𝛼 (done iteratively)

 Adaptive alternative 

(close to 1 if           small; no iterations)

Neff

Neff
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Neff =
X 1

(wi)2
(Usual choice for ’tempering’)

Issue: Using
 only ensures 

non-collapsing ensemble
 does not ensure good 

analysis result
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Neff
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Effect of hybrid weight 𝛾

 Lorenz-96 model, size 80
 Examine single analysis step

1. Run 33 analysis steps with 𝛾=1 (LETKF)
2. Run analysis step 34 with one of

a) 𝛾=1
b) 𝛾=0.8

3. Examine Neff and analysis errors

No obvious relation
between Neff and 𝛾!
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Additional experiment:
c) Adjust 𝛾 at each grid point to get 

minimum error
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Account for non-Gaussianity: Skewness and Kurtosis

 Mean – 1st moment
 Variance – 2nd moment
 Skewness – 3rd moment

 Kurtosis – 4th moment

<latexit sha1_base64="opUh1gEaBf5FX+muWInFs/CPea0="></latexit>

skew =
1
Ne

PNe

i=1

�
xi � x

�3
h

1
(Ne�1)

PNe

i=1 (x
i � x)2

i3/2

<latexit sha1_base64="2ZXqcQqvbXxM0hdRfMKQ8H+tzCs="></latexit>

kurt =
1
Ne

PNe

i=1

�
xi � x

�4
h

1
(Ne)

PNe

i=1 (x
i � x)2

i2 � 3

 Skewness and kurtosis 
 generally not bounded

➜ but limits depend on ensemble size
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Asymptotic properties of skewness and kurtosis

 Bounds of skewness and kurtosis depend on ensemble size
 Assess extreme cases

a-d a a+d

i
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Using skewness and kurtosis to define hybrid weight 𝜸

 Sampling errors are larger in NETF than ETKF 
➜ Always use ETKF for Gaussian (linear) cases

 Skewness and kurtosis describe deviation from Gaussianity

 mean absolute skewness (    ) and kurtosis (     ) of observed ensemble
(with localization: use locally assimilated observations)

 Use normalized means:<latexit sha1_base64="3fVO9qG48sewJZNnn3lLyZMCUUk=">AAACDHicbVBNS8NAEN34WeNX1KOXpUXwVBIRFUEoePFYwX5AU8pku2mXbjZxdyOUkLsnf4onQUG8+gc8+W/ctjlo64OBx3szzMwLEs6Udt1va2l5ZXVtvbRhb25t7+w6e/tNFaeS0AaJeSzbASjKmaANzTSn7URSiAJOW8HoeuK3HqhULBZ3epzQbgQDwUJGQBup55RFBApfYT+UQDIvz3x1L3XmjyBJIM+xcXtOxa26U+BF4hWkggrUe86X349JGlGhCQelOp6b6G4GUjPCaW77qaIJkBEMaMdQARFV3Wz6S46PjNLHYSxNCY2n6u+JDCKlxlFgOiPQQzXvTcT/vE6qw4tuxkSSairIbFGYcqxjPAkG95mkRPOxIUAkM7diMgSTijbx2bZJwZv/eZE0T6reWdW7Pa3ULos8SugQldEx8tA5qqEbVEcNRNAjekav6M16sl6sd+tj1rpkFTMH6A+szx/K8ps6</latexit>

nmas =
1p

mas
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nmak =
1


mak

Now define

Note: There are sampling errors, e.g. for skewness
➜ For Ne=25: ~10% error in 

standard value:
<latexit sha1_base64="wufgIVH6K3hd7INAJC3BCECHROA=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjLtdCyCUHDjSirYB7SlZNK0Dc1kQpIplKG/4UpQELf+jCv/xvQhqOiBC4dz7uXee0LJmTYIfTiZtfWNza3sdm5nd2//IH941NBxogitk5jHqhViTTkTtG6Y4bQlFcVRyGkzHF/P/eaEKs1icW+mknYjPBRswAg2Vup0xlhKDK/gbY/28gXkBigolcoQucj3K4E/J+Ui8orQc9ECBbBCrZd/7/RjkkRUGMKx1m0PSdNNsTKMcDrLdRJNJSZjPKRtSwWOqO6mi5tn8MwqfTiIlS1h4EL9PpHiSOtpFNrOCJuR/u3Nxb+8dmIGlW7KhEwMFWS5aJBwaGI4DwD2maLE8KklmChmb4VkhBUmxsaUy9kUvl6F/5NG0fUC17vzC9XLVR5ZcAJOwTnwwAWoghtQA3VAgAQP4Ak8OxPn0XlxXpetGWc1cwx+wHn7BL4+kTM=</latexit>

 = Ne
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PDAF – Parallel Data Assimilation Framework

L. Nerger, W. Hiller, Computers & Geosciences 55 (2013) 110-118

A unified tool for interdisciplinary data assimilation …
 provide support for parallel ensemble forecasts

 provide assimilation methods (solvers) - fully-implemented & parallelized 

 provide tools for observation handling and for diagnostics

 easily useable with (probably) any numerical model

 a program library (PDAF-core) plus additional functions
 run from notebooks to supercomputers (Fortran, MPI & OpenMP)

 ensure separation of concerns (model – DA method – observations – covariances)

Open source: 
Code, documentation, and tutorial available at 

http://pdaf.awi.de

Code also at
github.com/PDAF
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CRPS – Continuous Ranked Probability Score 

 Measure deviation of all ensemble members from observation
 No assumption on ensemble distribution 

 Example for 5 ensemble states
 CRPS = shaded areaOCTOBER 2000 563H E R S B A C H

FIG. 2. Cumulative distribution for an ensemble {x1, . . . , x5} of five members (thick solid line) and for the verifying
analysis xa (thin solid line). The CRPS is represented by the shaded area. The ai and bi are defined in Eq. (26).

4. The CRPS for an ensemble system
a. The cumulative distribution of an ensemble

For an ensemble system, such as EPS, an equal weight
is given to each of its members. Therefore, the proba-
bility assigned to the occurrence of a certain event is
given by the fraction of members that predict the event.
Effectively, for the variable x this means that the cu-
mulative distribution forecasted by the ensemble system
is given by

N1
P(x) 5 H(x 2 x ), (21)O iN i51

where x1, . . . , xN are the outcomes of the N ensemble
members. From now on it is assumed that the members
are ordered, that is,

xi # xj, for i , j. (22)
The cumulative distribution P is a piecewise constant
function. Transitions occur at the values xi:

i
P(x) 5 p [ , for x , x , x , (23)i i i11N

in which x0 5 2` and xN11 5 ` are introduced for
convenience. An example of the cumulative distribution
for an ensemble of five members is given (thick solid
curve) in Fig. 2.

b. Decomposition for a single case

The CRPS, as defined in Eq. (1), can be evaluated as
follows:

x Ni11

2c 5 [p 2 H(x 2 x )] dx⇒ CRPS 5 c . (24)Oi E i a i
i50xi

Depending on the position of the verifying analysis xa,
H(x 2 xa) will be either 0, or 1, or partly 0, partly 1,
in the interval [xi, xi11]. For each of these three possible
situations, ci can be written as

ci 5 ai 1 b i(1 2 pi)2,2pi (25)

where

0 , i , N ai bi

x . xa i11

x . x . xi11 a i

x , xa i

x 2 xi11 i

x 2 xa i

0

0
x 2 xi11 a

x 2 xi11 i

. (26)

Note that the ai and bi have the dimension of the pa-
rameter x.
For the example given in Fig. 2, the verifying analysis

is in between x3 and x4. Therefore, for this case b 5 0
for i 5 1 and 2, and a 5 0 for i 5 4. Only for i 5 3
both a and b are nonzero.
Some care should be taken for i 5 0 and i 5 N. These

concern the intervals (2`, x1] and [xN, `), respectively,
and for which pi 5 0 and pi 5 1, respectively. These
two intervals will only contribute to the CRPS in cases
when the verifying analysis is an outlier, that is, when
it is outside the range of the ensemble. In this situation
Eq. (25) can also be used, but with

Outlier ai bi

x , xa 1

x , xN a

0
x 2 xa N

x 2 x1 a

0
. (27)

In Fig. 3 an example is given in which the verifying
analysis is found to be below the ensemble (left panel)
and above the ensemble (right panel). For the first case,
there will be a contribution from b0, being the difference
between xa and the smallest ensemble member. In the
second case, aN is nonzero and equal to the distance of
xa from the largest ensemble member. Outliers can con-
tribute significantly to the CRPS, because nonzero val-
ues of b0 and aN are weighted stronger than other a’s
and b’s (see, e.g., the shaded areas in Fig. 3).

c. The average over a set of cases
For M cases and/or grid points, each with a weight

wk, the average CRPS [Eq. (5)] can be found as

observation
H. Hersbach, Weather & Forecasting, 15, 559-570, 2000



Lars Nerger – hybrid nonlinear-Kalman filter

Assimilation with Lorenz-63 model

• Observe full state
• Time step size 0.05
• Vary forecast duration 𝛥t to vary nonlinearity
• Ensemble size N=25
• HNK filter variant (nonlinear before Kalman)
• Implemented with PDAF

• Error of NETF > ETKF due to sampling errors
• Effect of hybrid filter grows with nonlinearity of 

assimilation problem (forecast length)
• Hybrid weight                yield smallest errors

without any tuning 
➜ Errors are reduced up to 28%

• Note: Hybrid weight             is suboptimal unless optimally tuned

<latexit sha1_base64="HL/JaK+WC6faQFulqyN6Cw48Dqg=">AAAB+nicbVDLSgMxFL3js9bXqEs3wSK4kDIjouKq4MZlBfuAdhgyaaYNTTJDkimUsX/iSlAQt/6JK//GtJ2Fth64cDjn3uTeE6WcaeN5387K6tr6xmZpq7y9s7u37x4cNnWSKUIbJOGJakdYU84kbRhmOG2nimIRcdqKhndTvzWiSrNEPppxSgOB+5LFjGBjpdB1u30sBA5zPTy3b0xQ6Fa8qjcDWiZ+QSpQoB66X91eQjJBpSEca93xvdQEOVaGEU4n5W6maYrJEPdpx1KJBdVBPtt8gk6t0kNxomxJg2bq74kcC63HIrKdApuBXvSm4n9eJzPxTZAzmWaGSjL/KM44MgmaxoB6TFFi+NgSTBSzuyIywAoTY8Mql20K/uLNy6R5UfWvqv7DZaV2W+RRgmM4gTPw4RpqcA91aACBETzDK7w5T86L8+58zFtXnGLmCP7A+fwB1+STfA==</latexit>�sk,lin
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mild medium strong
nonlinearity
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EKTF & NETF with Lorenz-63 model

Dependence on ensemble size

 NETF yields smaller errors than ETKF if 
ensemble size large enough
➜ Size limit decreases for larger nonlinearity
➜ Improvement by NETF stronger for higher 

nonlinearity

ETKF and NETF for 
3 different nonlinearities

(weak Δt=0.1, medium Δt=0.4, strong Δt=0.7)
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Assimilation with Lorenz-63 model

 Hybrid filter HNK
 particular strong effect for small Ne

 CRPS from NETF and HNK converge for 
large Ne

 errors reduced up to 28%
 Particle Filter

• comparable CRPS for large Ne

• PF expected to be superior if Ne

sufficiently large (the full nonlinear filter)

• Note: Easy to use large ensemble for Lorenz-63, 
difficult for higher dimensional models
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Test with Lorenz-96 model

Ensemble size 15; Forecast length: 8 time steps; 20 observations
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• Show RMS errors as function 
of inflation (forgetting factor 
or 𝛼) and localization radius

• Smallest errors: Hybrid HNK
(10% error reduction)

➜ hybrid filter able to utlize
non-Gaussian information

• Other hybrid variants also 
improve the state estimate

RMSE: LETKF

hybrid HNK hybrid HKN hybrid HSync

RMSE: LNETF

min=1.606 min=1.754

min=1.447 min=1.599 min=1.549 
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Lorenz-96: Influence of 𝜸 – using skewness and kurtosis

• When accounting for skewness/kurtosis filter is more stable
• yields smallest (Ne=15) or nearly smallest (Ne=40) errors
• smallest errors with            for optimal tuning

<latexit sha1_base64="HL/JaK+WC6faQFulqyN6Cw48Dqg=">AAAB+nicbVDLSgMxFL3js9bXqEs3wSK4kDIjouKq4MZlBfuAdhgyaaYNTTJDkimUsX/iSlAQt/6JK//GtJ2Fth64cDjn3uTeE6WcaeN5387K6tr6xmZpq7y9s7u37x4cNnWSKUIbJOGJakdYU84kbRhmOG2nimIRcdqKhndTvzWiSrNEPppxSgOB+5LFjGBjpdB1u30sBA5zPTy3b0xQ6Fa8qjcDWiZ+QSpQoB66X91eQjJBpSEca93xvdQEOVaGEU4n5W6maYrJEPdpx1KJBdVBPtt8gk6t0kNxomxJg2bq74kcC63HIrKdApuBXvSm4n9eJzPxTZAzmWaGSjL/KM44MgmaxoB6TFFi+NgSTBSzuyIywAoTY8Mql20K/uLNy6R5UfWvqv7DZaV2W+RRgmM4gTPw4RpqcA91aACBETzDK7w5T86L8+58zFtXnGLmCP7A+fwB1+STfA==</latexit>�sk,lin
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Ne=15 Ne=40
CRPS relative to LETKF

22% reduction
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Lorenz-96: Influence of 𝜸 – cases 𝜸𝛼 and 𝜸lin (account only for Neff)

• Stronger effect of hybrid filter for Ne=40
• yields optimal (N=15) or nearly optimal (N=40) errors
• requires tuning; increased errors for small 𝛼 compared to

N=15 N=40
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Application example

 Ocean-biogeochemical model:
 NEMO + ERGOM

 Configuration: NORDIC 2.0
 1.8km resolution, 56 layers, 90s time step 
 North Sea & Baltic Sea 
 Operational use in CMEMS for the Baltic Sea

 DA implementation
 augment NEMO-ERGOM with DA functionality by PDAF

(online-coupling in memory)
 State vector: 

 physics + biogeochemistry
State vector size ~153 million

 Assimilate satellite chlorophyll data

Chlorophyll: CMEMS NEMO-ERGOM

This project has received funding from the European Union’s Horizon 2020 
research and innovation programme under grant agreement No 776480

ocean and biogeochemical 
dynamics are nonlinear and 
distributions non-Gaussian
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Application in the North Sea & Baltic Sea

 Plots: depth-profile of 
chlorophyll over time

 Case             with Neff > 0.4

 LKNETF can be applied

 Small differences between 
LESTKF and LKNETF

 Not clear yet if LKNETF is 
better
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Summary

Introduced hybrid nonlinear-Kalman ensemble transform filter
 Combine LETKF and LNETF methods
 hybrid weight 𝜸 shifts filter behavior
 Cost of analysis step ~2x LETKF

Experiments with Lorenz models
 Hybrid filter successfully reduces errors compared to LETKF and LNETF
 Best results for variant HNK: LNETF applied before LETKF
 Can compute 𝜸 from skewness and kurtosis

➜ allows to control nonlinearity of filter based on non-Gaussianity
➜ Improved stability & reduced errors compared to tempering rule on Neff
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Next steps

Need to
 improve understanding of effect of 𝜸

 mathematical basis
 Are skewness & kurtosis good choices?
 Is linear dependence of skewness & kurtosis right?

 asses for which nonlinear cases hybrid filter is superior
 only 3% lower errors in test with ocean physics at 0.25o resolution
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