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Problem formulation
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Goal 
• Given  vectors  of dimension , compute the covariance 

matrix of the random variable  
• Caveat: Few samples, huge dimension, 

ne xi nx
x

ne ≪ nx

P̂ =
1

ne � 1

neX

i=1

(xi � x̄)⌦ (xi � x̄), x̄ =
1

ne

neX

i=1

xi

<latexit sha1_base64="KcmrMyzrnhpoTGX/c3jv69fMeMM="></latexit>
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True covariance matrix Empirical estimate, , nx = 100 ne = 2000

P̂ =
1

ne � 1

neX

i=1

(xi � x̄)⌦ (xi � x̄), x̄ =
1

ne

neX

i=1

xi

<latexit sha1_base64="KcmrMyzrnhpoTGX/c3jv69fMeMM="></latexit>



Problem illustration
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True covariance matrix Empirical estimate, , nx = 100 ne = 20

P̂ =
1

ne � 1

neX

i=1

(xi � x̄)⌦ (xi � x̄), x̄ =
1

ne

neX

i=1

xi

<latexit sha1_base64="KcmrMyzrnhpoTGX/c3jv69fMeMM="></latexit>
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Empirical covariance

True covariance

ne = 20, nx = 100
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Empirical covariance

True covariance

ne = 20, nx = 100

�<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

Localization matrix �<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

L(`) � P̂ = Ploc
<latexit sha1_base64="p4A9ryf88/u7BiFNLANDpKPM7dE=">AAACKXicbVDJSgNBEO2JW4xb1KOXxiDoJcxEQQ8KAS8ePEQwKmSGoadTYxp7FrprxDDM73jxV7woKOrVH7GziOuDhtfvVVFVL0il0Gjbr1ZpYnJqeqY8W5mbX1hcqi6vnOkkUxzaPJGJugiYBiliaKNACRepAhYFEs6Dq8OBf34NSoskPsV+Cl7ELmMRCs7QSH616UYMe0GYHxebLki55XKhOHV7DPNPq1UU9IB+/fzcRbjBXCa8KPxqza7bQ9C/xBmTGhmj5Vcf3W7Cswhi5JJp3XHsFL2cKRRcQlFxMw0p41fsEjqGxiwC7eXDSwu6YZQuDRNlXox0qH7vyFmkdT8KTOVgXf3bG4j/eZ0Mwz0vF3GaIcR8NCjMJMWEDmKjXaGAo+wbwrgSZlfKe0wxjibcignB+X3yX3LWqDvb9cbJTq25P46jTNbIOtkkDtklTXJEWqRNOLkl9+SJPFt31oP1Yr2NSkvWuGeV/ID1/gG4Magq</latexit>
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Empirical covariance =<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit> Localized estimate

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

True covariance

ne = 20, nx = 100

�<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

Localization matrix �<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

L(`) � P̂ = Ploc
<latexit sha1_base64="p4A9ryf88/u7BiFNLANDpKPM7dE=">AAACKXicbVDJSgNBEO2JW4xb1KOXxiDoJcxEQQ8KAS8ePEQwKmSGoadTYxp7FrprxDDM73jxV7woKOrVH7GziOuDhtfvVVFVL0il0Gjbr1ZpYnJqeqY8W5mbX1hcqi6vnOkkUxzaPJGJugiYBiliaKNACRepAhYFEs6Dq8OBf34NSoskPsV+Cl7ELmMRCs7QSH616UYMe0GYHxebLki55XKhOHV7DPNPq1UU9IB+/fzcRbjBXCa8KPxqza7bQ9C/xBmTGhmj5Vcf3W7Cswhi5JJp3XHsFL2cKRRcQlFxMw0p41fsEjqGxiwC7eXDSwu6YZQuDRNlXox0qH7vyFmkdT8KTOVgXf3bG4j/eZ0Mwz0vF3GaIcR8NCjMJMWEDmKjXaGAo+wbwrgSZlfKe0wxjibcignB+X3yX3LWqDvb9cbJTq25P46jTNbIOtkkDtklTXJEWqRNOLkl9+SJPFt31oP1Yr2NSkvWuGeV/ID1/gG4Magq</latexit>
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Empirical covariance =<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit> Localized estimate

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

True covariance
Math fact 

• PSD   PSD estimate  (Schur product)L → Ploc

ne = 20, nx = 100

�<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

Localization matrix �<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

L(`) � P̂ = Ploc
<latexit sha1_base64="p4A9ryf88/u7BiFNLANDpKPM7dE=">AAACKXicbVDJSgNBEO2JW4xb1KOXxiDoJcxEQQ8KAS8ePEQwKmSGoadTYxp7FrprxDDM73jxV7woKOrVH7GziOuDhtfvVVFVL0il0Gjbr1ZpYnJqeqY8W5mbX1hcqi6vnOkkUxzaPJGJugiYBiliaKNACRepAhYFEs6Dq8OBf34NSoskPsV+Cl7ELmMRCs7QSH616UYMe0GYHxebLki55XKhOHV7DPNPq1UU9IB+/fzcRbjBXCa8KPxqza7bQ9C/xBmTGhmj5Vcf3W7Cswhi5JJp3XHsFL2cKRRcQlFxMw0p41fsEjqGxiwC7eXDSwu6YZQuDRNlXox0qH7vyFmkdT8KTOVgXf3bG4j/eZ0Mwz0vF3GaIcR8NCjMJMWEDmKjXaGAo+wbwrgSZlfKe0wxjibcignB+X3yX3LWqDvb9cbJTq25P46jTNbIOtkkDtklTXJEWqRNOLkl9+SJPFt31oP1Yr2NSkvWuGeV/ID1/gG4Magq</latexit>
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Empirical covariance =<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit> Localized estimate

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

True covariance
Math fact 

• PSD   PSD estimate  (Schur product)L → Ploc
Practical issues 

• Pick PSD  (easy)  
• Tune length scale  (hard)

L
ℓ

ne = 20, nx = 100

�<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

Localization matrix �<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

L(`) � P̂ = Ploc
<latexit sha1_base64="p4A9ryf88/u7BiFNLANDpKPM7dE=">AAACKXicbVDJSgNBEO2JW4xb1KOXxiDoJcxEQQ8KAS8ePEQwKmSGoadTYxp7FrprxDDM73jxV7woKOrVH7GziOuDhtfvVVFVL0il0Gjbr1ZpYnJqeqY8W5mbX1hcqi6vnOkkUxzaPJGJugiYBiliaKNACRepAhYFEs6Dq8OBf34NSoskPsV+Cl7ELmMRCs7QSH616UYMe0GYHxebLki55XKhOHV7DPNPq1UU9IB+/fzcRbjBXCa8KPxqza7bQ9C/xBmTGhmj5Vcf3W7Cswhi5JJp3XHsFL2cKRRcQlFxMw0p41fsEjqGxiwC7eXDSwu6YZQuDRNlXox0qH7vyFmkdT8KTOVgXf3bG4j/eZ0Mwz0vF3GaIcR8NCjMJMWEDmKjXaGAo+wbwrgSZlfKe0wxjibcignB+X3yX3LWqDvb9cbJTq25P46jTNbIOtkkDtklTXJEWqRNOLkl9+SJPFt31oP1Yr2NSkvWuGeV/ID1/gG4Magq</latexit>
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Localization not always applicable: 
- Parameter estimation 
- Training of neural networks for sub grid parameterizations (CliMA) 
- Assimilation of nonlocal/integrated observations



What if I can’t localize?

6

Localization not always applicable: 
- Parameter estimation 
- Training of neural networks for sub grid parameterizations (CliMA) 
- Assimilation of nonlocal/integrated observations

Covariance estimation that does not rely on a 
spatial decay of correlation is useful



What if I can’t localize?
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Idea 
• Replace spatial decay of correlation with another assumption: 

“Small correlations are noisy, large correlations are trustworthy” 
• The method should further be: 

- Adaptive (no/little tuning) 
- Inexpensive (no optimization over matrices) 
- Guarantee PSD estimates (stability of EnKFs)

Localization not always applicable: 
- Parameter estimation 
- Training of neural networks for sub grid parameterizations (CliMA) 
- Assimilation of nonlocal/integrated observations

Covariance estimation that does not rely on a 
spatial decay of correlation is useful



Noise-informed Covariance Estimation (NICE)
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Foundations of NICE 
• Near universal truth: Small correlations are 

noisy, large correlations are trustworthy 
• Raising correlations to a power implements 

this idea 
• Adaptivity via discrepancy principle 

(Morozov): Correct correlations to so that 
estimates are within expected noise level
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Noise-informed Covariance Estimation (NICE)
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1. Compute expected noise level 
(look-up table)

S⇢ =

vuut
nX

i=1

nX

j=1

(�⇢ij )
2
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⇢̂� = ⇢̂�� � ⇢̂,
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2. Compute a PSD estimate that 
is “too strong”: smallest even 
integer that breaks the 
discrepancy principle

��⇢̂� ⇢̂�⇤

��
Fro

� �S⇢

<latexit sha1_base64="i6Z4b223gXQRqBNhYWIztSCmik8="></latexit>

3. Interpolate to find the “right” 
correction: find the largest 
interpolation factor that 
satisfies the discrepancy 
principle

L(↵) = ↵⇢̂��⇤
+ (1� ↵)⇢̂�(�⇤�2)
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Noise-informed Covariance Estimation (NICE)
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1. Looks complicated, but it’s a few lines 
of code 

2.Has connections with Jeff Anderson’s 
“sampling error correction” but does 
not require training/ensembles of 
ensembles and guarantees PSD 
estimates 

3.Can be used within LETKF or EAKF

NICE

True Ensemble



What else can I try?
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Competitors 
• Graphical lasso (Tibshirani) 
• Soft thresholding (Wainwright) 
• Sparse Covariance estimation (Xue, Ma, Zou) 
• Convex sparse Cholesky selection (Rajaratnam) 
• Optimal localization (benchmark) 
• Sampling error correction (Anderson, Lee)

adaptive, efficient, PSD

adaptive, efficient, PSD
adaptive, efficient, PSD
adaptive, efficient, PSD

adaptive, efficient, PSD

infeasible

Stats methods solve optimization problems 

Graphical Lasso

Convex Sparse 
Cholesky Selection

Sparse covariance 
estimation FSCE(P) =

1

2
kP� P̂k2Fro + �

X

j 6=k

|Pjk|

<latexit sha1_base64="JJJwBiSZFWpKQe+wBt0i3sms56k="></latexit>

FG-Lasso(⇥) = tr(P̂⇥)� log det (⇥) + �
X

j 6=k

|⇥jk|
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FCSCS(A) = tr(ATAP̂)� 2 log det(A) + �
X

1j<i

|Aij |
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Does it work?
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Test cases 
• Synthetic covariance examples (sanity check) 
• Cycling DA with EnKF (synthetic and semi-real) 
• Inversion of electromagnetic field data 
• Training of feed-forward neural net on time averaged 

data from a chaotic dynamics

NICE is just as good or better than other, tuned 
methods, but computationally more efficient



Does it work?

11

Test cases 
• Synthetic covariance examples (sanity check) 
• Cycling DA with EnKF (synthetic and semi-real) 
• Inversion of electromagnetic field data 
• Training of feed-forward neural net on time averaged 

data from a chaotic dynamics

NICE is just as good or better than other, tuned 
methods, but computationally more efficient

Bonus:  
• Discrepancy principle can make methods adaptive 
• We created 5 other adaptive schemes 

- Adaptive localization (Ad.-Loc) 
- Adaptive power law corrections (Ad.-PLC) 
- Adaptive soft thresholding (Ad.-ST) 
- Adaptive sparse covariance estimation (ASCE)



Sanity checks on Gaussians: ,  n = 100 ne = 20
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Sanity checks on Gaussians: ,  n = 1000 ne = 20
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Sanity checks on Gaussians: ,  n = 100 ne = 20
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Sanity checks on Lorenz ’95 (yawn)
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Vorticity of velocity 
(NICE)

Geomagnetic DA
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T
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• Correlation structure is erratic/hard to anticipate 
• Localization fails on this example 
• NICE outperformed a heavily tuned shrinkage scheme 
• NICE is not tuned in any way

Vorticity of velocity 
(Truth)



Geophysical inversion of marine magentotelluric data
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Training a NN with time-averaged data of chaotic dynamics
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Summary
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Facts 
• High-dimensional covariance estimation from a small number of 

samples is (a) important; and (b) difficult. 
• NWP has solved this problem under the assumption that 

correlation decays with distance (but this result has not been 
recognized by statisticians) 

Contribution 
• Assumption: Small/medium correlations are noisy and should 

be more heavily damped than large ones 
• We turned this idea into a simple, robust, adaptive algorithm 

(NICE) 
Properties of NICE 

• Adaptive and tuning-free 
• PSD guarantees (but many other, sophisticated schemes don’t) 
• Works just as well or better than more sophisticated alternatives 
•  Has proven useful in a large number of diverse test problems



Thank you.
Email: matti@ucsd.edu

Thanks to the 
Office of Naval Research 

for generous support



Does it work?
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Facts 
• Applied successfully to 3 non-trivial test problems, one 

involving field data (we go beyond toy problems) 
• Works out of the box with no tuning, and is easy to 

implement/use 
• Early adopters: CliMA (already part of their Julia package), 

NASA geomagnetic forecasting — NICE outperformed a 
scheme that was my former student’s main Ph.D. work 

• As accurate or better than state-of-the-art methods from 
statistics (but computationally less expensive). Did careful 
comparison to 5 competing methods (serious ones, not non-
starters) 

• Along the way, created 5 other adaptive covariance 
estimation schemes, but none is as good as NICE


