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Motivation

Evaluate LBM as a scalable LES framework for real-world flows.

∙ Equinor project: Assess LBM for wind turbine wake simulations.

∙ UrbanAIR EU project: Explore data assimilation for LES.

∙ Open-source LBM implementation: https://www.github.com/geirev/LBM.
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 Goal of presentation: present LBM as practical LES tool and introduce a new open source LBM LES solver. Present the LBM theory and its requirements for LES. Present my particular model implementation. Show some examples. 

https://www.github.com/geirev/LBM


  

Maxwell-Boltzmann distribution function

A gas with constant temperature and no external forcing equilibrates to the

Maxwell-Boltzmann equilibrium distribution

𝑓 (𝐰) → 𝑓
eq
(𝐰) = 𝑛

(

𝑚

2𝜋 𝑘 𝑇
)

3/2

exp
(
−

𝑚 (𝐰 − 𝐯)
2

2 𝑘 𝑇
)

(1)

∙ Here 𝑓 (𝐰) is the probability density of the particle velocities.
∙ Macroscopic variables are moments of 𝑓 (𝐰).
∙ In the absence of forcing, the solution relaxes toward this state.
∙ LBM evolves discrete distributions that are close to this equilibrium.
∙ Average particle velocity in air is 470 m/s.
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Boltzmann equation

The probability density 𝑓 (𝐰) evolves according to

Boltzmann equation (BGK approximation)
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+ 𝐰 ⋅
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+

𝐗

𝑚

⋅

𝜕𝑓

𝜕𝐰

= 𝜏
−1
(𝑓

eq
− 𝑓 ) (2)

∙ Collision term models relaxation toward equilibrium.

∙ Valid in the hydrodynamic limit (mean free path ≪ system size).

∙ Mean free path in air: 6.8 ⋅ 10−8 m.

∙ Moments of this equation recover the Navier–Stokes equations.

∙ LBM solves a discrete, low-Mach approximation of this equation.
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3’rd Order Hermite expansion

Represent 𝑓 (𝐫, 𝐰, 𝑡) using a 3rd-order Hermite expansion in velocity

𝑓 (𝐰, 𝐫, 𝑡) = 𝑒
−𝐰

𝑇
𝐰/2

[
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(𝐫, 𝑡) + 𝑎
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𝑖
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1

2
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𝑖𝑗
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6
𝑎
(3)
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(𝐫, 𝑡) 𝐻

(3)

𝑖𝑗𝑘
(𝐰)

]
(3)

= 𝜔(𝐰) 𝑝(𝐰, 𝐫, 𝑡). (4)

∙ Second-order truncation captures the macroscopic NS variables and stress tensor.
∙ Third-order term is needed for stability in high-Reynolds-number flows.
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Macroscopic variables by Gauss–Hermite quadrature

Velocity moments become discrete sums

∫
𝜙(𝐰) 𝑓 (𝐫, 𝐰, 𝑡) 𝑑𝐰 ≈

∫
𝜙(𝐰)𝜔(𝐰) 𝑝(𝐫, 𝐰, 𝑡) 𝑑𝐰 (5)

=

𝑄

∑

𝑙=1

𝑤𝑙 𝜙(𝐜𝑙) 𝑝(𝐫, 𝐜𝑙 , 𝑡) =

𝑄

∑

𝑙=1

𝜙(𝐜𝑙) 𝑓𝑙(𝐫, 𝑡) (6)

when defining discrete populations

𝑓𝑙(𝐫, 𝑡) = 𝑤𝑙 𝑝(𝐫, 𝐜𝑙 , 𝑡) = 𝑤𝑙

𝑓 (𝐫, 𝐜𝑙 , 𝑡)

𝜔(𝐜𝑙)

(7)

∙ Velocity moments (up to quadrature order) are evaluated exactly using discrete
velocities 𝐜𝑙.

6 / 30



  

LBM discretization in 3D (D3Q27)

∙ Discrete velocities 𝐜𝑙 arise from
Gauss–Hermite quadrature.

∙ At each grid point (𝑖, 𝑗 , 𝑘), we store
populations 𝑓𝑙(𝑖, 𝑗 , 𝑘) for 𝑙 = 1, … , 27.

∙ 𝑓𝑙 represents the population moving with
velocity 𝐜𝑙.

∙ Choice of lattice units: Δ𝑥 = Δ𝑡 = 1

– 𝐜𝑙 ∈ {−1, 0, 1}

– Exact streaming to neighboring nodes
in one timestep

∙ Advection is exact in lattice units!

∙ D3Q27 better than D3Q19 for high-Re flows
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Macroscopic variables

Density
𝜌(𝐫, 𝑡) = ∑

𝑙

𝑓𝑙(𝐫, 𝑡) (8)

Fluid velocity

𝐯(𝐫, 𝑡) =

1

𝜌

∑

𝑙

𝐜𝑙 𝑓𝑙(𝐫, 𝑡) (9)

Isothermal equation of state

𝑝(𝐫, 𝑡) = 𝑐
2

𝑠
𝜌(𝐫, 𝑡), 𝑐

2

𝑠
=

1

3

(10)
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Collision step and non-equilibrium

Decompose the distribution:
𝑓𝑙 = 𝑓

eq
𝑙

+ 𝑓
neq
𝑙

. (11)

∙ Collision (BGK relaxation)

𝑓
∗

𝑙
= 𝑓𝑙 −

1

𝜏

(𝑓𝑙 − 𝑓
eq
𝑙
) + 𝐹𝑙 (12)

= 𝑓
eq
𝑙

+
(
1 −

1

𝜏)
𝑓
neq
𝑙

+ 𝐹𝑙 . (13)

∙ Regularization
𝑓
neq
𝑙

⟶ (𝑓
neq
𝑙 ) (14)

removes high-order (non-hydrodynamic) components that can lead to instabilities
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 The hydrodynamic solution only depends on the first few moments of the distribution. Higher-order components are not part of the Navierâ•ﬁStokes physics, and in a discrete setting they can introduce numerical instabilities. Regularization removes these components. 



  

Streaming step

∙ Exact advection of populations

𝑓𝑙(𝑡 + Δ𝑡, 𝐱) = 𝑓
∗

𝑙
(𝑡, 𝐱 − 𝐜𝑙Δ𝑡) (15)

∙ Due to Δ𝑥 = Δ𝑡 = 1:
– particles move exactly to neighboring nodes
– no interpolation or numerical diffusion
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Implementation specifics

∙ Numerical method
– D3Q27 velocity discretization
– 3rd-order regularized BGK collision operator (Jacob et al., 2018)
– Forcing scheme (Kupershtokh et al., 2009)

∙ Turbulence modeling
– Vreman’s Smagorinsky-type SGS model (Vreman, 2004)

∙ Boundary conditions
– Closed, periodic, and inflow–outflow boundaries
– Bounce-back scheme for solid objects
– Turbulent inflow via smooth pseudo-random perturbations

∙ Wind-turbine forcing
– Uses actuator-line method (ALM) by Sørensen and Shen (2002).

∙ Implementation
– NVIDIA CUDA Fortran with GPU + MPI parallelization
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The key point here is the use of a third-order regularized collision operator on a D3Q27 lattice, combined with a standard SGS model and GPU-parallel implementation. 
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Q-criterion plot

∙ Rich small-scale structures in the wake

∙ Low numerical dissipation preserves vortical structures

∙ Exact streaming avoids artificial diffusion

∙ D3Q27 + regularization improves isotropy and stability
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The combination of exact streaming, low numerical dissipation, D3Q27 isotropy, and regularization helps preserve small-scale vortical structures. LBM often preserves more small-scale turbulent content due to low numerical dissipation and exact streaming. 



  

von Kármán vortex street
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Unstable atmospheric boundary layer
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UrbanAIR: Motivation
∙ High fidelity city-LES (4 m res)

∙ Model wind and temperature

∙ Uncertain inflow conditions
from meteo (1 km res)

∙ Improve inflow conditions by
data assimilation

∙ Observations are wind
measurements in the city
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Flow through a city
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Flow through a city
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Time varying inflow
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UrbanAIR: Experiment

∙ Estimate uncertain inflow wind speed and direction.

∙ Interior observations collected at four locations within the city.

∙ Measurements available every 60 s with 2% relative observation error.

∙ Recursive data assimilation with 5-,10-, or 20-minute assimilation windows.

∙ 4-step ESMDA for updating the inflow forcing.

∙ Prior inflow from AR(2) simulations continued from the previous window.
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Simulating the prior ensemble

Generate a continuous and smooth prior ensemble for the next DA window.

The prior ensemble for the next assimilation window is

𝑋𝑗 (𝑡𝑘) = (1 − 𝛼𝑘)meteo(𝑡𝑘) + 𝛼𝑘 𝑋 + 𝜎𝑧𝑗 (𝑡𝑘), (16)

with a relaxation towards the atmospheric prediction determined by

𝛼𝑘 = exp

[

−
(

𝑘Δ𝑡

𝑙corr)

2

]

. (17)
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Estimating inflow conditions, ESMDA-4
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Atmospheric model provides coarse uncertain boundary conditions to regional high-resolution model. We generate improved estimates from internal boundary conditions
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Atmospheric model provides coarse uncertain boundary conditions to regional high-resolution model. We generate improved estimates from internal boundary conditions



  

Estimating inflow conditions, ES
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Atmospheric model provides coarse uncertain boundary conditions to regional high-resolution model. We generate improved estimates from internal boundary conditions



  

Estimating inflow conditions, ESMDA-4
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Atmospheric model provides coarse uncertain boundary conditions to regional high-resolution model. We generate improved estimates from internal boundary conditions



  

Summary

∙ LBM is a competitive framework for high-Reynolds-number LES:
– D3Q27 lattice and 3rd-order Hermite expansion improve stability for turbulent flows.
– Regularization removes non-hydrodynamic higher-order components.
– Stability with BGK simplicity (Jacob et al., 2018).
– Explicit advection and local operations are highly GPU-friendly.

∙ Open-source LES framework:
– Model buoyancy forcing by advecting potential temperature.
– Vreman subgrid-scale model (Vreman, 2004).
– Efficient GPU implementation (CUDA Fortran + MPI).
– Validated for wind-turbine wake simulations.
– Open-source code: https://www.github.com/geirev/LBM.

∙ Practical framework for continuous updating of urban flows:
– We can continuously update uncertain inflow conditions using internal wind observations.
– Next step: realistic urban-scale applications.
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https://www.github.com/geirev/LBM
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