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Inverse Problem

Consider inverse problem: find parameter 6 given an observation y of the model
y=6(9)+n (1)

where G : RV¢ — RNy is a forward map from the parameter to the observation space and
n ~ N(0, X,) is the observational noise.
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Optimization approach

From the optimization perspective, the optimal § minimizes the loss function:

o(0,9) = 315,y ~ G(O)P @

When the problem is not well-posed regularization is required:

1 _1
Pa(0,y) = ®(0.y) + 5T * (0 — o) > 3)

with ry and 2 prior mean and prior covariance matrix, respectively.
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Bayesian approach

From the Bayesian point of view, we seek the posterior distribution.

o(0ly) = p(y10)po(0) 1

= e~ po(0), with Z(y) = / e ®Y) po(0)do
For a flat prior pg(0) For a Gaussian prior pg(0)
1 1
9 — 7e_¢(97y) o e_¢(91y) 9 —
oY) = 755 o) = 5

—&(0.y) —og(0.y)
e 0) x e
) po(6)

Onap = arg ;T‘ax p(0ly) = arg g‘in [®(0,y) — log po(8)]
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Coupling Filters and Inversion
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Kalman Filter

Consider the evolution of the state X, and an observation yj at time K:

X1 = F(Xk) + wk 1, wir ~N(0,Zy)
Y1 = h(Xki1) + vkg, v ~ N(0, L) )

Kalman Filter follows the probabilistic approach and can be viewed as a 2-step procedure leading to
the recursive relation p(Xk|Yx) — p(Xki1| Ykt )2
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. . . . . L Europa fordert Sachsi S ove S
8 Jorg Benndorf, Konstantin Ibadullaev, Ching Yin Kwok, Thomas Nagel, Bjorn Sprungk n LEWP:E‘;E el N %‘%
b A
From Filtering to Inversion: Kalman-Based Methods for Nonlinear Parameter Estimation in Geotechnics Europischs Union - “Repes?



9

Kalman Filter

1. Prediction step

Estimate My, 1, ék+1 of p(Xk11]Yk) given p(xk|Yx) ~ N(my, Cy)

s = / F(Xk) Xk Vie) O = B[ ()] Vi

Cir = /[f(Xk)f(Xk)T + 50| Yi)dxi — ki, y = Covif(xc)| Yl + £,

2. Analysis step
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Kalman Filter

1. Prediction step
2. Analysis step

Obtain p(Xk, 1| Yk1) via conditioning of the joint distribution p(Xk 1, Yk+1|Yk)
approximated by Gaussian.

V1 = E[h(Xk11)[ Yk]

CY 4 = Covixkr1,h(Xi+1)| Yil
CY, = Cov[h(xki1)| Vil + X 7)
M1 = My "'C;(( ( k+1) "Y1 = Pier)

Crrt = Gt = G2 (L) H(CE)T
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Nonlinear Kalman Filters

Different nonlinear Kalman filters are designed to approximate integrals in (7) under
nonlinear transformations.
e Extended Kalman Filter(ExKF)
Makes use of Taylor approximations — requires explicit gradient computations.
e Unscented Kalman Filter(UKF)
Utilizes a deterministic quadrature rule — works with a deterministic set of transformed
particles (sigma points).
¢ Ensemble Kalman Filter(EKF)

Utilizes Monte Carlo sampling — computes empirical mean and covariances over an
ensemble of particles.
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Coupling Filters and Inversion
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If we couple an inverse problem (1) with a dynamical system for the parameter, we obtain a

hidden Markov model with ) ~ N(0, §;Z,):

9n+1 =0On
Y1 = G(0n11) + Mnyt

We can apply Kalman filters iteratively N times on (8) to approximate the posterior
distribution.

po(0) = Pprior(e)
pn(0) = pni1(0) o p,,(&)e—ﬁ‘b(&}’)

The process can be generalized by a meta algorithm, the Gaussian Approximation
Algorithm (GAA)["4]
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Gaussian Approximation Algorithm

Consider the following stochastic dynamical system (mean-field system):

Oni1 = abp + (1 — Ck)fo + Wnt1
Yni1 = G(0n+1) + Vot

(10)

where w1 ~ N(0,X,) and vy 1 ~ N(0, X,) are artificial evolution error in parameter
and observation space, and « is a regularization parameter!’-4l.
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Gaussian Approximation Algorithm
Prediction Step

 Prediction step

Mpi1 = E[fp1]Yn] = abp + (1 — a)ro
én+1 - COV[9n+1 |Yn] - CEZCn + ZW (11)

pn(0) = Pp41(0) with pp ~ N(mn, Cp)
 Analysis step
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Gaussian Approximation Algorithm
Analysis Step

 Prediction step

 Analysis step
We have the following joint Gaussian distribution {6, 1, Yp1}|Yn:

M C,.q4 C¥
N [“nﬂ]’ oy A (12)
o ] [(CEDT CF

Pns1(0) = ppya(0) for Op 4| Yn with ppyq ~ N(Mpiq, Chyq)

+ fordert Sache :0AKq,
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Gaussian Approximation Algorithm

Analysis Step
1. Projecting the joint distribution:

Jnrt = E[G(0n11)| Yal
CY .\ = Covllni1,G(0n+1)| Ynl

Ay (13)
Cn+1 = COV[g(9n+1 )|Yn] +X,
2. Conditioning the Gaussian to find 6,41 {Yn, Yni1} = Ons1| Ynrt
Mpyq = Mpgr + C%(éﬁdq(}’nm ~ Vni1)
A Y —1 AOYT
Cnit1 = Cni1 — Cni1(cﬂ1) 1Cn:‘ﬁ/-1 (14)

n case of nonlinear G, integrals appear in (13). s
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Unscented Kalman Inversion

If we apply the Unscented Kalman Filter on the system (10) the GAA looks as follows (1.

1. Prediction step

I7A7,H_1 = aMmp + (1 — a)ro
Crit = a2Cp+ X, (15)
2. Generate sigma points
3. Analysis step
X AK, o
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Unscented Kalman Inversion
The UKI ensemble is deterministic and has the size J = 2Ny + 1.

1. Prediction step
2. Generate sigma points

A0
it = My
@’ = Mpyt + ¢ 1 <j < Np)
+1 +1 =/ =1
n n / (16)
91 = mn+1 - C[ n+1 j S j < 9)

With a = min(\/%, 1), weights ¢ = av/Ny, [\/Cri1 ; is column j of Cholesky Factor of Chit.
3. Analysis step
The integrals appearing in the analysis step for a nonlinear G are approximated by the
deterministic quadrature rule.

sOAq,
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Unscented Kalman Inversion
1. Prediction step
2. Generate sigma points
3. Prediction step

}7{7+1 = g(élrhq) » Vit :}7/(1)+1

2Ny
n+1 Z 262N - mn+1 )(%hq - yn+1 )T
2N9 1 ) )
C}r?./;.1 Z m(y{pH - }A’n+1 )(}7{1.:,.1 - yn+1 )T +X, (17)

mn+1 — mn+1 + Cn+1 (Cn+1) 1(y *}A/n+1)
Cn+1 = Cn+1 - CZ'.V|.1(C,7+1)_1(CW

n+1)
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Ensemble Kalman Inversion

20

If we apply the Ensemble Kalman Filter on the system (10) the GAA looks as follows!

1. Prediction step

J
N 1 A
Mpy1 = J E 9/n+1
J=1

é\{7+1 :(19174-(1 —a)r0—|—wf7+1

2. Analysis step

1,2].

(18)

EKI works with a set of particles whose dynamics is predicted by (10) and then used to

predict empirical approximations of covariances.

For large J the updates in the analysis step match to those of the GAA.
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Ensemble Kalman Inversion

1. Prediction step
2. Analysis step

J
}A’LM = Q(HLH) Vo1 = ] Z n+1

n+1

J
1 N
Coli= =12 O = M) P = Fnen)|
j=1
R 1 L .
Gl = 3=7 2 Unr =~ Inst) ey = Inie) + 0
/=1
0 :‘91 n+1(C}r?-/H)_1(y_}A’{7+1_Vin+1)
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Comparison

Feature EKI UKI
Ensemble type Stochastic | Deterministic
Ensemble collapse Yes No
Low-rank approximation Yes No

When to use
» EKI: High-dimensional problems, covariance estimate is of a lesser interest.

» UKI: Low- to moderate-dimensional problems, we assume that the Gaussian-like
uncertainty is plausible.
The choice of the inversion method is a tradeoff.
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Inverse Problems in Geotechnical
Engineering
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Stiffness Inversion

The forward model G computes the surface uplift u(scaled for cm) for a vertical slice of a
homogeneous rock layer split into n cells given stiffness E, porosity u, bulk weight vy,
discretization step Az.

U 1
U 500 0\ /1
) 1 10 o| (&
. 1 E
Y=|,|=0-mwazz|T 1 2 o1 (20)
I . .
: 1
: 11 1 1) \E
Un
We have noisy uplift observations with the noise 7 ~ N (0,7ly, ), v = 1 mm?@,
and assume 6 = logE is normally distributed.
Hence, G(¢(0)), with a nonlinear transformation ¢(0) = exp(0).
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Stiffness Inversion

EKI Stiffness Estimates,
y=0.001, RMSE=7.8348 MPa

120 4 Confidence Intervals for a = 0.05
—e— from true parameter values
—+— from estimated parameter values, EKI
100 4
80+
©
o
=
_ 60
w
40
20+

35 a0 a5 50 55 60 65 70 75

’ Depth, cells
(=)

Figure 1: Estimated stiffness E.
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Stiffness Inversion

Coverage probability, y=0.001, EKI
oo r Kt | oy 't A K | aaV Nl
0.95
0.90
z
E 0.85
g
S
g
®
g 0.80
]
H
0.75
0.70
0.65 —— Target coverage probabibility of 0.95 |
; —— Empirical coverage probabibility
e AR AR Y
Depth, cells
Figure 2: Coverage probability.
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Inversion of Gas Cavern Parameters

We use the following model for modelling a subsidence induced by multiple caverns of a
cylindrical shape[s].

¢ - r(x.y)?
Storal (1, 1) = Y _si(r,t) = Zs?’ax(t)exp[—w#]
i=0 i=0 i
VR gy BKOVE 20
"7 tang - R?

The goal is to estimate individual influence angles /5; and current convergence ratio k(t) for
each period given noisy yearly subsidence observations S with the noise

n~N(0,7ln,), v=1 cm?, initial cavern volumes V2, geometric parameters.
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Inversion of Gas Cavern Parameters

The inverse problem is solved for 3 caverns having 63 parameters in total: 3 influence
angles ; and 60 convergence volumes for observation period t of 20 years.

Observed Subsidence in m, year 1

28

Figure 3: Gas caverns and observed subsidence.
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Inversion of Gas Cavern Parameters

Cavern Influence Angle 8* =27.808 °, Current Convergence Volume, Mio m?*
RMSE in degrees: 0.043 RMSE: 8312.287m?,
Cavern 1 Cavern 1

T T
—e— Ensemble mean "
—e— True / e
m_ 025 1
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95.0% Confidence Intervals 3
gt 005
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S

Figure 4: EKI estimates for 3s and ks
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Inversion of Gas Cavern Parameters

Cavern Influence Angle B* =27.998 °, Current Convergence Volume, Mio m*
RMSE: 4803.1677m”,

RMSE in degrees: 0.0942
Cavern 1 Cavern 1

T T T
—e— Ensemble mean
—e— True

g

°
w

pd

=

RN
Y

yd

95.0% Confidence Interval
for p*

Current Convergence Volume, Mio m?
° °

S

— True
—— Ensemble mean
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B.° Time, years

S

Figure 5: UKI estimates for 3s and Ks.
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Inversion of Gas Cavern Parameters

Forward Map Results for EKI, in m

¥y =6(0), year 1, RMSC = 0.002 m Ground Truth y, year 1

500

> o

-500

—1000
~1500

2000
—2000 -1500 -1000 —500 500 1000 1500
X

2000

2000 -2000 -1500 —1000 —500 500 1000 1500
X

-0.1922 -0.1647 -0.1373 -0.1098 -0.0824 ~0.0549

(=)bM+]

Figure 6: G(¢(8*, k*))ex; compared to noise-free subsidence.
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Inversion of Gas Cavern Parameters

Forward Map Results for UKI, in m
y=¢6(0), year 1, RMSE = 0.001 m Ground Truth v, year 1

500
> o =

-500

—1000

~1500

2000
—2000 -1500 -1000 —500 500 1000 1500 2000 —-2000 —1500 -1000 —500 500 1000 1500 2000
X X

-0.1917 -0.1643 -0.1369 -0.1095 -0.0822 ~0.0548
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Figure 7: G(p(8*, k*))uks compared to noise-free subsidence.
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Summary

33

Both UKI and EKI provide good parameter estimates for the presented nonlinear
inverse problems.

Both UKI and EKI provide gaussian-like uncertainty, which is valid under particular
assumptions for parameter distributions and inverse problem.

The quality of the obtained confidence intervals is questionable.

EKI tends to underestimate the uncertainty due to ensemble collapse, whereas UKI
yields a conservative estimate (too wide intervals).

* The choice of the inversion method depends on the dimensionality of the parameter
space and assumptions about the parameter distribution.
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Thank you for your attention!
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Supplementary slides
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Supplementary slides

Modified Unscented Transform(#

Let G;,i = 1,2 denote any pair of real vector-valued functions on RN¢, 60 = m
If 0 ~ N(m, C) then

EG/(6) = Gi(6°) + O(|C])
2N,
Cov(G1(6) ch (G1(#) — BG, (9))(Ga(?) — EGa(#))T + 0(C)?)

thus the modified unscented transform is first and second order accurate in approximating
means and covariances of G¢(#) and Go(#) with respect to small (||C||). Furthermore, if G4
and G, are linear then the modified unscented transform is exact for these quantities.
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Supplementary slides

Stiffness Inversion

38

¢ The layer is split into d = 80 cells with stiffness E;, bulk weight ~,,, porosity u. We
want to solve an inverse problem for stiffness E; given noisy observations for uplift
Yi = uj +n, where n ~ N(0, vly),with v = 1 mm.

« We assume that log(E) is normally distributed with
mq = In(range(10MPa, ..80MPa))y and Cy = o2exp(— pld—dgl d’”) «g Witho = 0.2
and A = 1.8.

« For EKI we initialize an ensemble of particles J = 800 drawn from N (mg, Cp).

« For UKI we set prior mean mg and prior covariance Cq, J = 161.

« The forward map is updated as follows G(¢(0)) = G(exp(0)).
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Supplementary slides

Stiffness Inversion

RMSE for stiffness estimates, y =0.001, EKI

—— Mean RMSE=8.9632 MPa

250 4
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10
RMSE, MPa
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Figure 8: RMSE for E*.
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Supplementary slides

Stiffness Inversion

Comparison of the forward model results, EKI, y=0.001, RMSE=0.0148
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Figure 9: Observed Uplift vs G(exp(logE™*)).
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Supplementary slides

Inversion of Gas Cavern Parameters

* We assume observational noise 7 ~ N(0,V/gg2 ;) with v = 1cm, gs = 10, t = 20
years.

« The prior for ;s assumed to be multivariate U(a, b) with a = 25°, and b = 50°, and
for converged volumes K;s we set multivariate N'(0.2g9, 0.1/g0).

¢ The prior is U(25,50) @ N (0.2¢9,0.1/g).
¢ The ensemble sizes are J = 189 and J = 127 for EKI and UKI, respectively.
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Supplementary slides

Inversion of Gas Cavern Parameters

Coverage probability for convergence ratio, y=0.01, a=0.05, EKI

10 ® ® .

Coverage probability

061 o Empirical coverage probabibility for cavern 1
© Empirical coverage probabibility for cavern 2
® Empirical coverage probabibility for cavern 3

—— Target coverage probabibility of 0.95

05

1 2 3
Cavern
Figure 10: Coverage probability for 3.
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Supplementary slides

Inversion of Gas Cavern Parameters

RMSE for B over 1000 simulations, in degrees, EKI

—— Mean RMSE
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Figure 11: RMSE for § and k for EKI.
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Supplementary slides

Inversion of Gas Cavern Parameters

RMSE for B over 1000 simulations, in degrees, UKI
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Figure 12: RMSE for 3 and k for UKI.
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