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Abstract

In this work we develop an ensemble-based data assimilation framework where en-
semble sensitivity matrix is replace with the average gradient of the ensemble. This
replacement is justified by Stein’s first-order identity, which states that for Gaussian-
distributed variables the expected gradient of a function is equivalent to a covariance-
weighted sensitivity, linking ensemble sensitivity matrix to the average gradient. The
resulting method is are in two simple testcases.

Key Novelty: Replace ensemble sensitivity with average gradient justified by Stein’s
first-order identity.

Ensemble-based Data Assimilation

Ensemble-based Data Assimilation is derived from Bayes theorem which reads

p(x|d) oc p(d|x)p(x), (1)

where x € R is state which we wish to estimate, and d € R" is a vector containing
the observed data. p(x) is the prior pdf containing our prior knowledge of x. p(d|x)
is the likelihood and p(x|d) is the posterior pdf x conditions on the data.

In ensemble data assimilation, we aim to sample the posterior pdf. Assuming Gaus-
sian priors and likelihoods, we can approximate posterior samples by minimizing an
ensemble of cost functions on the form [3]:

n 1 n — n 1 n — n
£'(x) = 5(m(x) — ") Calm(x) — d") + (x — x3) ' Clx =), (@
where n is the ensemble index, m(x) is the model prediction of x and d” ~ N (d, Cqq).
Xy, are sample realization drawn from the prior pdf N (Xpr, Cxx)-

Following the "LM-EnRML approx” method from [1] to minimize the cost-function
ensemble we get the following iterative minimization method

1
X =X — CGIT ((1 + M\)Caa + GZCXXGZT) (m(x};f) _ d”), 3)

where A is the Levenberg-Marquardt (LM) regularization parameter and G € R¥ax/s
is the Jacobian of m(x?). Since Cyx € RY*"= can be a large matrix, it is common
practice to estimate it using the ensemble, such that

Cux ~ Cyxe = AA " (4)

where A = (X — x)/v/N, — 1 € R¥>Ne with N, denoting the ensemble size and X
defined such that its nth column is x". Likewise, by defining ¥ = (Y —y)/v/N. — 1 €
RN Ne such that its nth column of Y is y" = m(x"), G} is usually replaced with
Cyx = YA'. This means that the state ensemble can be updated in the following
way

Xpp1 = X — AkT;((l + )\k)Cdd + TkaT)_l(Yk — D), (5)

where the nth column of D € RVaxNe 5 d7.

Average Gradient Method

Van der Pol oscillator

Stein's first-order identity states that for a Gaussian random variable x ~
N (u, Cxx), the expected Jacobian of y(x) can be written as

E[G] =E|y(X)(X — p)"'|Cy. (6)

Hence,
Cyx > BE|G|Cxx. (7)

This allows us to substitute C,y with the sample-averaged Jacobian G =
Niezgil G"™. In particular, we replace Y in Equation 5 by J, = GiA;. Equa-
tion 5 is written in a Levenberg-Marqguardt (LM) damping framework. In this work,
however, we also apply the average gradient in a Gauss—Newton (GN) setting and
in ESMDA [2]. The corresponding ensemble updates using the average gradient
are

Avg-LM-EnRML: X, = X — A} (14 A)Caa + J1Ji ")~ (Y — D),
Avg-GN-EnRML: X = X; — 1:Ad] (Caq + J:J: ) (Y — D),
Avg-ESMDA: Xy = X; — A (0xCaa + J1di ") (Y — Dy),

where, at each ESMDA iteration, the columns of D, are drawn using the inflated
covariance a;Cqq, With >, 1/ay, = 1.
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A Van der Pol oscillator is a non-conservative, oscillating system with a non-linear
damping parameter u. The time-evolution for the state x = [z, w9]' is given by

dx dx
d—tl = €2, d—752 = p(1 — x%)xQ — <1 8

Experimental setup: True values of u, £1(0) and x5(0) are set to 2, 1 and O. The model
is run for 50 time steps with a time stepping of 0.05. The observations are ()
and x,(t) for every 10th time step with a zero mean Gaussian perturbation added to
each one. The observation standard deviation is 0.05. an initial ensemble is drawn
from a Gaussian distribution for u, ;1 and zs with mean (sd) given by 1,5 (0.1), 1.2
(0.1) and 0.3 (0.1). The data is assimilated using an ESMDA with 6 iterations and
uniform inflation factors. The experiment is repeated 100 times for each sample size
of 5,10,20,30,50,/5,100,150,200,250,300,400,500.

Comparison of Avg-ESMDA vs ESMDA Across Sample Sizes
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Figure 1. RMS: Mean =+ one standard deviation from 100 repeated runs

Figure 1 shows the root mean square (RMS) of the data mismatch and of the pa-
rameter u for the hundred repeated runs. The RMS for p is smaller for Avg-ESMDA
(ESMDA with average adjoint) than for the standard ESMDA. Avg-ESMDA also ex-
hibits a larger data mismatch, indicating that the ensemble preserves its uncertainty;,
in contrast to ESMDA, whose ensemble collapses.

Reservoir Example

We also apply the Guasss-Newton version of the proposed method to a synthetic
2-D reservoir history-matching case where we estimate the porosity field in a 50 x 50
orid. The synthetic "true” porosity field is depicted in Figure 2.
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Figure 3. Data-mismatch comparison of Avg-GN-EnRML and GN-EnRML (no

Figure 2. "True” Porosity ;.
adjoint)

Figure 3 depicts the data-mismatch of Avg-GN-EnRML and GN-EnRML (with ensem-
ble sensitivity) at each iteration. Both cases are run with an ensemble-size of a hun-
dred. Figure 4 and 5 shows the resulting posterior mean and ensemble spread of the
two runs. In this simple toy-case, the two methods manage to find basically the same
posterior distruibution.
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Figure 4. Mean and std posterior porosity of adjoint Figure 5. Mean and std posterior porosity of ensemble
method method

Conclusion

1. The average gradient formulation provides a theoretically justified alternative to
ensemble sensitivity estimation

2. Results suggest improved uncertainty representation

3. Further work is needed to assess performance in more complex, strongly
nonlinear settings.
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